We construct exact classical solutions in cubic open string field theory. By the redefinition of the string field, we find that the solutions correspond to finite deformations of the Wilson lines. The solutions have well-defined Fock space expressions, and they have no branch cut singularity of marginal parameters which was found in the analysis using level truncation approximation in Feynman-Siegel gauge. We also discuss marginal tachyon lump solutions at critical radius. *
§1. Introduction
Cubic open string field theory 1) has been an useful tool to understand various conjectures about tachyon condensation in string theory. 4), 5), 6) Most of works on this subject have been carried out by level truncation scheme in Feynman-Siegel gauge. 7), 8), 9) It is shown that the tachyon vacuum solution in the level truncation scheme is BRS-invariant, and it satisfies the equation of motion outside the Feynman-Siegel gauge. 2) The validity of the Feynman-Siegel gauge has been checked also for the tachyon lump solution. 3) However, we are unable to understand global structure of the vacuum in the string field theory because of branch cut singularities due to the Feynman-Siegel gauge. 7), 8), 9) To gain further insights on the vacuum structure, it is necessary to construct exact solutions without fixing the Feynman-Siegel gauge.
In order to obtain some exact results in cubic open string field theory, we will consider the finite deformations of the Wilson lines background, as rather simpler case than the tachyon vacuum. The classical solutions corresponding to marginal condensation have been constructed formally in the string field theories with joining-splitting type vertices. 10), 11), 12), 13), 14) Then, we may expect that these previous knowledge is helpful to construct exact solutions of the condensation of marginal operators in cubic open string field theory.
There is a problem to study the Wilson lines deformations in cubic open string field theory. According to the calculation using the level truncation scheme, 15) it is impossible to analyze outside a critical value of marginal parameters, though, to some extents, we can describe string field configurations representing the condensations of gauge fields. On the other hand, from level truncated analysis for the tachyon condensation, it is shown that singularities in the tachyon potential originates in the Feynman-Siegel gauge. 16) Then, we should verify that we can obtain the solutions beyond the critical value unless we choose the Feynman-Siegel gauge, or that we might need different coordinate patches to describe the full moduli space by the string field theory. 15) In this paper, we will construct exact solutions in cubic open string field theory, without fixing any gauge. We will show that the solutions correspond to the deformations of the Wilson lines background by the homogeneous redefinition of the string field. There are parameters in the solutions corresponding to the vacuum expectation value of the gauge field, but the solutions have no singularity of the parameters. We conclude that the singularity in the level truncation scheme is gauge artifact.
We will also construct solutions of marginal tachyon lump. 6), 15) At the critical compactified radius, tachyon lump is generated by the marginal deformations of U(1) currents, and it corresponds to the Wilson lines operator. 6) In contrast to the solutions of the Wilson line deformations, we will obtain the tachyon lump solutions.
The rest of this paper is organized as follows. In section 2, we construct the exact solutions and the redefinition of the string field, and we evaluate a solution by the oscillator expression to find that the solutions have well-defined Fock space expressions. In section 3, we discuss the solutions corresponding to the marginal tachyon lump. We give a summary in section 4. In Appendix, we prove formulas related to the delta function. §2. Exact Solutions in Cubic Open String Field Theory
For simplicity, we single out a direction which is tangential to D-branes. The canonical commutation relation of the string coordinate and momentum is given by
and others are zero. The delta function is defined by
We expand X(σ) and P (σ) by the oscillator modes as
1 n α n cos(nσ),
The mode expansions of ghost variables are given by
4)
In order to construct solutions in the string field theory, we define some operators as follows,
where f (σ) is an arbitrary function. V (σ) and C(σ) are defined by 
The operator of V can be written by the commutator of the BRS charge and the sting coordinate,
We can find that the commutation relations of V L(R) and C L(R) are given by
and other commutation relations are zero. Here, the Neumann boundary condition is imposed on the functions of f (σ) and g(σ). Using formulas of the delta function (see in Appendix A),
we can calculate the above commutation relations: for example,
From the connection conditions on the identity string field and the vertex, we find the following equations: for any string fields A and B,
where I denotes the identity string field, and h(σ) satisfies h(π − σ) = h(σ). In Eq. (2 . 14), h(σ) is more constrained so that C L(R) is a regular operator on the identity string field, because the ghost operator has a singularity on the midpoint. We can find such a function h by the oscillator expression of the identity string field given later, though it can be given by more elegant procedure. 17) Now, we can show that exact solutions in cubic open string field theory are given by
where a i are real parameters and i denotes the Chan-Paton indices, * and the function λ satisfies the Neumann boundary condition and λ(π−σ) = λ(σ), namely λ(σ) = n λ n cos(2nσ). Furthermore, the function λ(σ) must be restricted to make C L (λ 2 ) be a well-defined operator on the midpoint of the identity string field. We find from Eq. (2 . 8)
Using the properties of V L(R) and C L(R) , Eq. (2 . 9), (2 . 12)-(2 . 15), we find
As a result, Ψ 0 obeys the equation of motion, Q B Ψ 0 + Ψ 0 * Ψ 0 = 0.
Since Ψ 0 is a solution for any value of a i , the potential energy V (Ψ 0 ) = −S(Ψ 0 ) equals to the one at a i = 0. Therefore, the potential energy is alway zero, and it implies that the parameters a i correspond to marginal parameters. We can also calculate the potential value directly from the properties of V L(R) and C L(R) .
If we expand the string field around the solution as Ψ = Ψ 0 + Ψ ′ , the BRS charge of the resultant theory is given by
for any string field A. From the properties of V L(R) and C L(R) , we find that the BRS charge in the shifted theory is given by
We can easily check the nilpotency of the shifted BRS charge by using Eq. (2 . 9).
Let us consider the redefinition of the shifted string field. To do so, we introduce the following operators,
dσf (σ)X(σ).
(2 . 20) * We omit δ ij in the identity string field.
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We find the commutators of the operators,
From Eq. (2 . 21), it follows that the shifted BRS charge can be transformed to the original one:
where the operator B is defined by
By the connection conditions of the string coordinate on the vertex, the cubic term of the action is invariant under the transformation of the string field generated by the operator B
The invariance is generalized to the n-strings vertices of the midpoint interaction.
Consequently, it turns out that if we redefine the string field asΨ = e iB Ψ ′ , the form of the 
where |0 is SL(2,R) invariant vacuum. For convenience, we rewrite it as follows, * |I = e E |0 , 
where n = 1, 2, · · ·. We can easily check that the first few equations agree with the result of Ref. 17) . Multiplying the ghost operator to the expression of Eq. (2 . 26), we can evaluate the midpoint singularity on the identity string field
(2 . 28)
As the simplest example, we consider a solution for λ(σ) = 1 + cos(2σ). In this case, we can expand the solution up to level two as follows, ∂X as V L ∼ c∂X. Therefore, we have only to replace ∂X with a U(1) current in order to obtain a solution corresponding to a marginal deformation of the U(1) current. We show tachyon lump solutions more explicitly. We give the mode expansion of the marginal operator corresponding to tachyon lumps as follows,
where X(z) is defined by
Then, we find that t n satisfies the same commutation relations as α n ,
Since the operator t(z) is a U(1) current, we can transform t(z) to the operator on the ρ plane by the mapping ρ = τ + iσ = ln z. Using the operator at τ = 0
we define similar operators to V L(R) by
dσf (σ)T (σ), (3 . 5) where T (σ) is given by
c m−n t n cos(mσ). {T
Since t(σ) is a U(1) current, it satisfies the same connection conditions on the vertex and the identity string field as P (σ) and X ′ (σ). Therefore, we obtain also the similar identities related to I and * product,
From Eq. (3 . 7), (3 . 8) and (3 . 9), we find that the solutions corresponding to marginal tachyon lumps are given by
where s i correspond to marginal parameters. If we choose λ(σ) = 1 + cos(2σ), the expanded form of the solution up to level two is given by
We construct exact solutions in cubic open string field theory without choosing the Feynman-Siegel gauge. There are many solutions associated with the functions λ(σ) which make the operator C L(R) well-defined on the identity string field. We show that by the redefinition of the string field, the shifted string field theory becomes the theory with finite Wilson lines deformations for any function λ(σ) with zero mode. The solutions have no branch cut singularity. The branch singularity previously found turns out to be a gauge artifact. The solutions have well-defined Fock space expressions. It is difficult to construct a solution of the tachyon vacuum, and redefine a string field to find the theory without physical open string excitations, which is expected to be the vacuum string field theory. 20), 21), 22), 23), 24) Though we can solve the equation of motion exactly for the Wilson lines condensation, it seems that we are unable to apply the method of the marginal case directory to the tachyon condensation. The our solutions are well-defined in the Fock space. On the other hand, the finite marginal solutions in the light-cone type string field theories 10) are rather formal, and it is impossible to represent it by the oscillator expressions. However, the solution of the dilaton condensation provides the correct result for the shift of the string coupling constant in the light-cone type string field theories. 11), 12), 13) We have been yet faced with the problem of how to treat finite solutions in the light-cone type string field theories. 10) Note added * The solutions of Eq. (2 . 16) are locally pure gauge. If we choose as a gauge parameter functional Λ = −ia i X L (λ)I, the solutions are generated by the gauge transformation of the zero string field e Λ * Q B e −Λ = e −ia i X L (λ) I * Q B e ia i X L (λ) I = e −ia i X L (λ) Q B e ia i X L (λ) I = √ 2α ′ a i V L (λ)I + 2α ′ a i 2 C L (λ 2 )I.
